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With each nonempty graph G one can associate a graph L(G), called the line 
graph of G, with the property that there exists a one-to-one correspondence 
between E(G) and V(L(G)) such that two vertices of L(G) are adjacent if and 
only if the corresponding edges of G are adjacent. For integers 171 > 2, the FntR 
iterated line graph L”(G) of G is defined to be L(P-l(G)). A graph G of order 
p > 3 is n-Hamiltonian, 0 < N < p - 3, if the removal of any k vertices, 0 < 
k < n, resu!ts in a Hamiltonian graph. It is shown that if G is a connected graph 
wirb 6(G) >, 3, where S(G) denotes the minimum degree of 6, then L”(G) is 
(6(G) - 3)-Mamiltonian. Furthermore, if G is 2-connected and 6(G) > 4, then 
P(G) is (26(G) - 4)-Hamiltonian. For a connected graph G which is neither a 
path, a cycle, nor the graph K&3) and for any positive integer n, the existence 
of an integer k such that LI”(G) is n-Hamiltonian for every wz > k is exhibited. 
Then, for the special case PI = 1, bounds on (and, in some cases, the exact vatue 
of) the smallest such integer k are determined for various classes of graphs. 
INTRODUCTIQN 
With each nonempty graph G one can associate a graph L(G), called the 
line graph of G, with the property that there exists G one-to-one correspon- 
dence between the edge set E(G) of G and the vertex set V(L(G);)) of L(G) such 
that two vertices of L(G) are adjacent if and only if the corresponding edges 
of G are adjacent. For convenience, L1(G) and Lo(G) denote L(G) and G, 
respectively. For integers m 2 2, the iterated line graph LV;“‘,(G) is defined to 
be L(L”-l(G)). A graph G of order p 3 3 is called n-Hamiltonian, 0 < n < 
p - 3, if the removal of any k vertices, 0 < k < q results in a ~a~~~~~o~~ia~ 
graph. In this paper we investigate the relationship between line graphs and 
the property of being n-Hamiltonian, n 3 0. 
Our terminology will be consistent with that in 111, with additional de&C 
tions given intermittently. For example, a dominating cimdit of a graph G 
is a circuit C of G with the property that every edge of G is incident with at 
least one vertex of C. 
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YE-HAMILTONIAN LINE GRAPHS I 
We begin this section with a rather simple observation, which is stated as 
Lemma 1. 
LEMMA 1. If W is an arbitrary set of vertices of the line graph of a graph 
G (W # V(L(G))) and X is the set of edges of G corresponding to the vertices 
in W, then L(G) - W z L(G - X). 
An immediate consequence of Lemma 1 is that the line graph L(G) of a 
graph G is n-Hamiltonian, II 3 Q, if and only if L(G - X) is Hamiltonian 
for each set X of edges of G satisfying 0 < 1 X j < n. In [4], Harary and Nash- 
Williams characterized those graphs H for which L(H) is Hamiltonian. 
THEOREM A. (Harary and Nash-Williams). The line graph L(H) of 
a graph H without isolated vertices is Hamiltonian if and only if H is iso- 
morphic to the complete bipartite graph K(1, m), for some m > 3, or H 
contains a dominating circuit. 
It is clear from Lemma 1 and Theorem A that fairly restrictive conditions 
must be satisfied by a graph in order to ensure that its line graph will be 
n-Hamiltonian. However, the situation changes somewhat when one con- 
siders the second iterated line graph of a graph G. In this case, we have an 
intermediate graph, namely, the line graph L(G), which often has very useful 
characteristics not depending upon extremely restrictive conditions being 
satisfied by G. In this section we will concentrate on the relationship between 
second iterated line graphs and the property of being n-Hamiltonian, n > 0. 
By using the structure of L(G), we will determine values of n for which 
L2(G) is n-Hamiltonian depending only on the minimum degree 6(G) of G. 
This result will then be improved for graphs G which are 2-connected, i.e., 
those graphs G for which G - ~1 is connected for every vertex v of G. Some 
preliminaries will be useful. 
Let G be a graph without isolated vertices. The edges incident with a 
vertex w  of G correspond to deg,w mutually adjacent vertices of L(G), that is, 
a complete subgraph denoted K(w) having order deg,w in L(G). For each 
vertex w  of G, let S(w) be any connected spanning subgraph of K(w) in L(G). 
Then the subgraph, denoted by B(G), of L(G), defined by 
W(G)) = t-j V@(w)) and -W(G)) = U -WXwN 
WE!‘(G) 
is called a bonding subgraph of L(G). 
WE I’( 6) 
Suppose G is a nontrivial connected graph and B(G) is a bonding subgraph 
of L(G). Every vertex zk of L(G) corresponds to an edge wlwZ of G, so that 
tl E V(K(w)) if and only if w  = wI or w  = w2 (w E V(G)). Thus u E V(S(w)) if 
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and only if w = w1 or w = w2. Since each edge of L(G) corresponds ts a 
pair of adjacent edges of G, each edge of L(G) lies in exactly one complete 
subgraph K(w) of L(G). Thus each edge of B(G) lies in exactly one subgraph 
S(W) of B(G). From these observations, we conclude that B(G) is a spanning 
subgraph of L(G) and if u is a vertex of L(G) corresponding to the edge 
w1w2 of G, then 
Let uI and v2 be vertices of B(G). Then for some vertices w1 and 14:~ of C (not 
necessarily distinct), u1 is a vertex of S(wd and c2 is a vertex of S(w,) in 
If P is a IQ - wz path in G, then the subgraph dcp of B(G) defined by 
where both unions are taken over all w E V(P), is a connected subgraph of 
B(G) containing a v1 - vg path. 
The first theorem of this section is a consequence of the above observations, 
together with the fact that a nontrivial connected graph G is Eulerian if and 
only if every vertex of G has even degree in 6. 
~YWEOREM 1. Let G be a nontrivial connectedgraph and let B(G) be a bondkg 
subgraph of L(G). Then: 
(i) B(G) is a connected spanning subgraph of L(G); 
(ii) if G - w is connected, w  E V(G), then B(G) - E(S(w)) is a co+ 
netted spmzning subgvaph of L(G); 
(iii) if S(w) is Eulerian for each w  E V(G), then B(G) is n spankng 
kIevian szrbgraph of L(G). 
Before proceeding to Theorems 2 and 3, we note that, by Lemma 1 and 
Theorem A, if W is a set of vertices of the line graph of graph C and X is the 
set of edges of G corresponding to the vertices in W2 then L(G) -- W is 
Hamiltonian if G - X contains a spanning Eulerian subgraph (and hence a 
dominating circuit). 
THEOREM 2. Let G be a connected graph with S(G) 3 3. Then L2(G) is 
(S(G) - 3)-Hamiltonian. 
Pw$ We wish to show that the removal of 6(G) - 3 or fewer vertices 
from L”(G) results in a Hamiltonian graph. By the note above, it suffices to 
show that if Xis an arbitrary set of edges of L(G) with 8 < [ X I < 6(G) -~- 3, 
then L(G) - X contains a spanning Eulerian subgraph. 
Let w be a vertex of G and let K(w) denote the corresponding complete 
subgraph of order deg,w in L(G). Furthermore, let E, = X n E(K(w)) so 
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that 1 E, 1 < 6(G) - 3, and define K, to be the graph K(w) - E, . Then 
V(K,) = V(K(w)) and / V&J/ > 6(G) 3 3. Moreover, 
I ~Wdl = I E(K($)l - I Eta I 3 I JW(~)I - P(G) - 3). 
However, 
Thus, 
/ E(K,)I > (’ “‘y)‘) - ! V(I(,)I + 3 = (I V(Kw)/z - 3 [ V(K,)j + 6)/2. 
Therefore K, is Hamiltonian (see [6]) and so contains a Hamiltonian cycle C. 
We observe that C is a spanning Eulerian subgraph of K(w) which contains no 
edges of X. 
For each vertex w of G, let S(w) be a spanning Eulerian subgraph of the 
complete subgraph K(w) in L(G) which contains no edges of X. By Theorem 
1, the corresponding bonding subgraph B(G) of L(G) is a spanning Eulerian 
subgraph of L(G). Since B(G) contains no edges of X, we have, in fact, a 
spanning Eulerian subgraph of L(G) - X. 
The result given in Theorem 2 is best possible in the sense that for any 
integer d > 3, there is a connected graph G with 6(G) = d such that E2(G) 
is not (d - 2)-Hamiltonian. Such a graph is constructed as follows. Begin 
with two disjoint copies of the complete graph Kd+l , say Hz and Hz . Add a 
vertex vz adjacent to exactly d - 1 vertices of HI and a vertex v2 adjacent to 
exactly d - 1 vertices of H, , together with the edge ulv2 . 
Let G be any connected graph with S(G) > 3, let X be an arbitrary set of 
edges of L(G), and let w E V(G). We saw in the proof of Theorem 2 that if 
/ X / < 6(G) - 3, then there is a spanning Eulerian subgraph S(w) of K(w) 
which contains no edges of X (where, as usual, K(w) denotes the complete 
subgraph of order deg, w corresponding to w in L(G)). We now observe 
that the existence of S(w) does not depend on the fact that / X 1 < 6(G) - 3 
but rather on the fact that / X n E(K(w))I < S(G) - 3. This observation 
will be used in the proof of Theorem 3. 
It was shown in [5] that if G is a graph of orderp > 6 with 8(G) > 2 such 
that deg,zl + deg, v 3 p - 1 for every pair u, v of nonadjacent vertices, 
then G contains a spanning Eulerian subgraph. As a corollary, we have 
that if G is a graph of orderp > 6 with 6(G) > 2 such that I E(G) > (p” - 
3p + 4)/2, then G contains a spanning Eulerian subgraph. It is easily verified 
that the latter result holds when the condition p 3 6 is replaced by p 3 4. 
Using this result and a proof technique similar to that employed in Theorem 
2, one can prove the following lemma. 
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b3YlMA 2. Let 6 be a connected graph with 6(G) 3 4, let X be an arbitrcaq? 
set of edges of L(G), and let w E V(G). If 1 E, i < 6(G) - 2 and ~(K(~) - 
E,) 3 2, where K(w) denotes the complete subgraph of order &g,ly corre- 
sponding to w in L(G) and E, = X n E(K(w)), then there is a spanning Euleriara 
subgraph S(w) of K(w) which contains no edges oj” X. 
We now present the final theorem of this section, which improves the resuh 
of Theorem 2 for 2-connected graphs with minimum degree at least four. 
TkHEQREM 3. Let G be a 2-connected graph with 6(G) > 4. TheB L”(G) is 
(26(G) - 4)-Hamiltonian. 
ProoJ For notational convenience, let d = 6(G). We wish to show that 
the removal of 2d - 4 or fewer vertices from L2(G) results in a Hamiltonian 
graph. It suffices to show that if X is an arbitrary set of edges of E(G) with 
0 < / X j < 2d - 4, then L(G) - X contains a spanning Eulerian subgraph. 
For each vertex w of G, let K(w) denote the compete subgraph of order 
deg, w corresponding to w in L(G), let E, = X n E(K(w)), and let Kw be the 
graph KQti) - E, . Since no two complete subgraphs R(w,) and K(w,) share 
an edge of L(G), one of the following situations must occur: 
(i) / E, I < d - 3 for each vertex w of G, 
(ii) there is a vertex IV, of G such that j EK1 / > d - 2 and ) E,, ) < 
d - 3 for w g V(G) - (w,], 
(iii) 
/ EU.1 
there are distinct vertices w1 and wz of G such that I EioI / = d - 2 = 
1, 8(X,?) 2 2, and ! E, I = 0 for UT E V(G) - {wI , IV,], 
(iv) there are distinct vertices wI and tij2 of G such that ! &, I = 
d-2= iE& 6&) = 1 = B(Kw3), and ! E, i = 0 for w 5 T/(G) - (IV:, w&. 
We proceed by considering these four possible cases. 
Ckse (i). For each vertex w of G, let S(w) be a spanning Eulerian subgraph 
of K(w) which contains no edges of X (such subgraphs exist according to the 
observation made following Theorem 2). By Theorem I, the corresponding 
bonding subgraph B(G) of L(G) is a spanning Eu2erian snbgraph of L(G). 
Since B(G) contains no edges of X, we have, in fact, a spanning Eulerian 
subgraph of L(G) - X. 
Case (ii) or (iii). For each vertex w f EVA of 6, let S(w) be a spanning 
Eulerian subgraph of K(w) which contains no edges of X (such subgraphs 
exist according to Lemma 2 and the observation made following Theorem 2). 
Let S(u;,) be any spanning Eulerian subgraph of K(w,). By Theorem 1, the 
corresponding bonding subgraph B(G) of L(G) is a spanning Eulerian sub- 
graph of L(G). In particular, each vertex of B(G) has even degree in B(G). 
Since G - w1 is connected, another application of Theore-m I yields that 
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B(G) - -Wh)) . is a connected spanning subgraph of L(G). It remains to 
observe that every vertex of B(G) - E(,S(w,)) has even degree in B(G) - 
E(S(w,)) and that B(G) - E@(q)) contains no edges of X. 
Case (iv). We observe that since / EU1 j = d - 2 and 6(&J = 1, the 
graph Kwl is composed of a copy of the complete graph of order d - 1, 
which we will denote by HI , together with an end vertex adjacent to exactly 
one vertex of HI . Let e, be the edge of KW, incident with this end vertex. 
Similarly, the graph KU, is composed of a copy of the complete graph of 
order d - 1, which we will denote by Hz , together with an end vertex adja- 
cent to exactly one vertex of Hz . Let e, be the edge of K,, incident with this 
- end vertex. We note that I V(Hd)/ > 3, for i = 1,2. 
For each vertex w  E V(G) - (wl, wz}, let S(w) be any spanning cycle of 
K(w). Since ( E, 1 = 0, S(w) contains no edges of X. For i = 1, 2, let Ci be 
any spanning cycle of Hi and let S(wJ be the connected spanning subgraph 
of K(wJ induced by E(C,) u (e,}. Then S(wJ contains no edges of X (i = 1,2). 
By Theorem 1, the corresponding bonding subgraph B(G) of L(G) is a con- 
nected spanning subgraph of L(G). Furthermore, B(G) contains no edges of 
X and every vertex of B(G) - {e, , ee} has even degree in B(G) - {e, , ez}. 
Thus if B(G) - (e, , 2 e } is connected, then it is a spanning Eulerian subgraph 
of L(G) - X. Therefore we may assume that B(G) - {e, , ez} is disconnected. 
Since G is 2-connected, we know by Theorem 1 that B(G) - E(S(wJ) is 
connected so that B(G) - ei is connected, i = 1, 2. Thus B(G) - {e, , e& 
has two components, say Bl and Bz , and in B(G), each of e, and e2 is incident 
with one vertex of B, and one vertex of B, . Let u1 and u2 be the vertices of 
B1 incident with e, and e2 , respectively, and let u1 and U, be the vertices of 
Bz incident with e, and e2 , respectively. Then 3 < \{ul , uB , u1 , cz}l < 4 and 
(1) S(w) is a subgraph of B, or B2 (PV # wr , w,) and (2) Ci is a subgraph of 
B, or B, (i = 1, 2). Since X = (E(K(w,)) - E(K,J) U (E(K(w,)) - E(K,Z)), 
the graph L(G) - (X u {e, , ez>) has two components, say L, and Lz , where 
Bl and B, are spanning subgraphs of L, and L2, respectively. Moreover, 
(1) K(w) is a subgraph of L, or Lz (w f w1 , wz) and (2) Hi is a subgraph of 
L, or L, (i = 1, 2). 
Let P(ul , uz) be a shortest u1 - u2 path in L, and let P(q , VJ be a shortest 
u1 - u2 path in Lg . Then P(u, , u2) and P(v, , VJ are disjoint and neither e, 
nor e, is an edge of P(ul , UJ or P(v, , Q). Furthermore, the set E(P(u, , ug)) U 
-W’(V, , 2 2’ )) contains at most one edge of K(w), for w  # wI , wp , and at 
most one edge of Hi , for i = 1,2. 
Suppose e E E(P(u, , uz)) u E(P(u, , vz)). Then e E E(K(w)), for some 
w f Wl, wz 2 or e E E(HJ, for i = I or 2. If e E E(K(w)), for some w  # till, 
w2, but e 6 E@‘(W)), replace the subgraph S(w) of B(G) with a spanning 
cycle s’(w) of K(w) which contains e. If e E E(H,), for i = 1 or 2, but e $ E(C,), 
replace the subgraph Ci of B(G) with a spanning cycle Ci’ of Hi which con- 
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tains e. Thus we may assume that P(u, ) UJ is a path of B, and that P(o, , vz) 
is a path of B, . 
Recall that B(G) is a connected spanning subgraph of e(G) - X and that 
every vertex of B(G) - {e, , ez} has even degree in B(G) - {el ) e,>. 
B(G) - @(f’(u, ,uz>> u W’(U 1 , z$)) is a spanning subgraph of L(G) - X 
in which every vertex has even degree. It remains to observe that since 
d 3 4, for each vertex w  of G the subgraph of B(G) - (E(P(u, , u,)) w 
E(P(v, , Q))) induced by V@(w)) is a connected subgraph of K(w). Therefore 
by Theorem 1, B(G) - (E(P(u, , us)) u E(P(z+ , Us))) is connected. 
The bound given in Theorem 3 is sharp. For any integer k 3 4, the con- 
nected graph G of Fig. 1 has minimum degree d. However, P(G) is not 
(22 - 3)-Hamiltonian. 
G: 
FIGURE I 
PZ-HAMILTONIAN LINE GRAPHS II 
In the previous section we saw that if n is a nonnegative integer and G is 
any connected graph with 6(G) 2 n + 3, then Lz(G) is ~-~amiltonia~. We 
now consider a question related to this result. If n is a nonnegative integer 
and G is a connected graph which is not a path, does there exist an integer 
k 3 0 such that Lm(G) is n-Hamiltonian for every integer lpz 3 k? (It is 
known that if G is a connected graph which is not a path, then L’“(G) is 
defined for every integer m > 0. If G is the path P, of order s, then L”‘(G) z 
P,-,, for 0 < nz < s - 1 and Lm(G) is undefined for integers yn 2 3.) For 
n = 0, this question was first investigated in [2], where it was shown that 
for any connected graph G which is not a path, such an integer k exists and 
the smallest such integer, denoted h(G), does not exceed p - 3, where p is 
the order of G. Later, in [3], this bound on h(G) was improved for certain 
graphs G, and h(G) was determined in the case that G is a tree. We will 
therefore restrict our attention to values of 72 >, I. 
We begin with a few preliminary observations. If G is the cycle C, of srder 
s, then L”(G) s C’, for every integer M 2 0. If G is the complete bipartite 
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graph K(1, 3), then L”(G) s C, for every integer m 3 1. Thus if n is a 
positive integer and G is a cycle or the graph K(1, 3), then there is no integer 
k > 0 such that L”(G) is n-Hamiltonian for every integer m > k. It is known 
(see [7, p. 681, for example) that paths, cycles, and the graph K(l, 3) are the 
only connected graphs G for which no integer d exists such that Ld(G) has 
minimum degree at least three. The first theorem of this section answers the 
question posed in the preceding paragraph for all other connected graphs 
and all positive integers IZ. In the proof of Theorem 4, we use the fact that if a 
graph @ has minimum degree at least three, then a(L(JQ) > 6(H) + 1. 
THEOREM 4. Let n be a positive integer and let G be a connected graph 
which is neither a path, cycle, nor K(l, 3). Then there exists an integer k 3 0 
such that Ln”(G) is n-Hamiltonian for every integer m 3 k. 
ProoJ Since G is neither a path, cycle, nor K(l, 3), there is an integer d 
such that G(Ld(G)) 3 3. Thus 8(Ldt1(G)) > 8(Ld(G)) + 1 > 3 + 1. Simi- 
larly, 8(LB+z(G)) 2 3 + 2 and, in general, 8(Ld+*(G)) > 3 + t for every 
integer t 3 0. Therefore, S(Ld+“(G)) 3 3 + It. Since Ldfn(G) is connected, 
we may apply Theorem 2 to conclude that Ld+“f2(G) is n-Hamiltonian. 
Moreover, if m 2 d + y1 + 2, a similar argument yields that L”(G) is 
n-Hamiltonian. If we set k = d + n + 2, the proof is complete. 
Theorem 4 deals with one aspect of the relationship between iterated line 
graphs and the property of being n-Hamiltonian, for arbitrary values of 
n > 1. The object of the remainder of this section is to investigate this rela- 
tionship in greater detail for the case n = 1. Let G be a connected graph 
which is not a path. We define the l-Hamiltonian index of G, denoted h,(G), 
to be the smallest nonnegative integer k such that Lm(G) is 1-Hamiltonian 
for every integer m 3 k. As observed earlier, if G is a cycle or the graph 
K(1, 3), then h,(G) does not exist. Otherwise, h,(G) exists by Theorem 4 and 
our purpose will be to determine bounds on (and, in some cases, the exact 
value of) the I-Hamiltonian index for graphs G belonging to several classes 
of graphs. Pertinent to this work is the next lemma. 
LEMMA 3. If a graph G is l-Hamiltonian, then L(G) is l-Hamiltonian. 
ProoJ: Since G is Hamiltonian, G contains a dominating circuit. Thus 
L(G) is Hamiltonian and we need only show that the removal of any vertex 
from L(G) results in a Hamiltonian graph. It suffices to show that if UZ, is an 
arbitrary edge of G, then G - uv contains a dominating circuit. Since G is 
I-Hamiltonian, the graph G - u contains a Hamiltonian cycle C, which is 
also a cycle of G - uv. Since every edge of G - M is incident with at least 
one vertex of C, the proof is complete. 
As a result of Lemma 3, we see that the I-Hamiltonian index of a graph 
G is, in fact, simply the smallest nonnegative integer k such that Lk(G) is 
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I-Hamiltonian. Combining this fact with the result of Theorem 2, we obtain 
our first bound on the I-Hamiltonian index of connected graphs with mini- 
mum degree at least three. 
TIIEQREM 5. Let G be a connected graph with S(G) > 3. Ben h,(G) < 3, 
PRK$ Since G is connected and 6(G) 3 3, the line graph k(G) is con- 
nected and 6(L(G)) > 4. Hence we may apply Theorem 2 to L(G) to con- 
clude that L3(G) is 1-Hamiltonian, i.e., h,(G) < 3. 
At this point we briefly consider the I-Hamiltonian index of connected 
graphs with minimum degree less than three which are neither paths, cycles, 
nor K(I, 3). Let G be such a graph and let d(G) = d denote the smallest 
integer such that L”(G) has minimum degree at least three. Applying Theorem 
5 to L&(G), we conclude that the l-Hamiltonian index of L”(G) does not 
exceed three or, equivalently, that h,(G) < d(G) + 3. Since a necessary 
condition for a graph to be I-Hamiltonian is that the graph have minimxum 
degree at least three, h,(G) >, d(G). Thus 
d(G) < h,(G) e 4G) + 3. 
Several definitions will be useful in presenting the final theorems of this 
section. A vertex u of a connected graph G is a cut vertex of G if the graph 
G - z’ is disconnected. Similarly, an edge e = UNZIP of a connected graph 6 is 
a bridge of G if the graph G - e is disconnected. If, in addition, deg, ui >, 2 
(i = I, 2) then e is referred to as a no~~e~~~jna~ bridge. Finally, the edge 
c’omectivify XI(G) of a graph G is the minimum number of edges whose 
removal from G results in a disconnected graph. 
Our next result improves the bound given in Theorem 5 for one clzss of 
connected graphs with minimum degree at least three. 
THEOREM 6. Let C be a connected graph with 6(G) >, 3. Then Al(G) < 2 
if and only if G contains no cut vertex of degree three. 
P~.oo$ Assume that G is a connected graph with minimum degree at 
least three and no cut vertex of degree three. Since G is connected and 
6(G) 3 3, by Theorem 2, L2(G) is Hamiltonian. Therefore, we need only 
show that the removal of any vertex from L”(G) results in a Hamiltonian 
graph. This will be the case if we can exhibit a spanning Eulerian subgraph 
of L(G) - e for each edge e of L(G). 
For each vertex w of G, let K(W) denote the complete subgraph of order 
deg, w corresponding to MJ in L(G). Since e is an edge of L(G), there is a 
(unique) vertex EC of G such that e E &Y(u)). For w t V(G) - (z!i? let S(W) be 
any spanning cycle of K(w). Now, if deg, u 3 4, then there exists a spanning 
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cycle S(u) of K(u) that does not contain the edge e. Thus the bonding sub- 
graph B(G) of L(G) defined by 
J’@(G)) = ‘,j JT%dl and W?(G)) = u EN14 
WE V( G) WEV(G) 
is a spanning Eulerian subgraph of L(G) - e. If, on the other hand, 
deg, u = 3, let S(u) = K(u). Then the corresponding bonding subgraph 
B(G) of L(G) is a spanning Eulerian subgraph of L(G). Since u is not a cut 
vertex of G, the graph B(G) - E(,S( u )) is a connected spanning subgraph of 
L(G) which does not contain the edge e. It remains to observe that each 
vertex of B(G) - E(S(u)) has even degree in B(G) - E(S(u)). 
In order to verify the converse, we let G be a connected graph with 8(G) 3 3 
and assume that G has a cut vertex v of degree three. We wish to show that 
L2(G) is not 1-Hamiltonian. Since 2) is a cut vertex of degree three and 
6(G) > 3, one of the edges of G incident with v, say e, is a nonterminal 
bridge of G. Let fi and f2 be the edges of G different from e that are incident 
with v and let w, w1 , and w2 be the vertices of L(G) that correspond to e, 
fi , and fi , respectively. 
Now, G - e is composed of two nontrivial components, one of which, 
say G1 , contains the edges fi and fi . Moreover, fi and f2 are the only edges of 
G1 which are adjacent to e in G. Thus L(G) - {wwl , ww2) is disconnected. 
However, we observe that L(G) - wwl is a bonding subgraph of L(G) and 
thus is connected. Therefore ww2 is a bridge of L(G) - wwl. Moreover, 
6(G) > 3 so that 6(,5(G)) > 4. Therefore L(G) - ww, has minimum degree 
at least three and ww2 is a nonterminal bridge of L(G) - wwl. But then 
L(L(G) - wwl) contains a cut vertex and so is not Hamiltonian. But this 
implies that L”(G) is not I-Hamiltonian, which completes the proof. 
A graph G has a cut vertex of degree three if and only if G contains a 
bridge incident with a vertex of degree three. Using this observation, we have 
two corollaries of Theorem 6 which together give the exact values of h,(G) 
for all graphs G with 6(G) 2 3 and s,(G) = 1. 
COROLLARY 6.1. If G is a graph with 6(G) > 3 and Zl(G) = 1, and G 
contains no bridge incident with a vertex qf degree three, then h,(G) = 2. 
ProoJ Let G be a graph satisfying the hypothesis. According to Theorem 
5, the I-Hamiltonian index of G does not exceed two. Since -X,(G) = I and 
6(G) 3 3, G contains a nonterminal bridge. Thus L(G) has a cut vertex, 
and therefore L(G) is not l-Hamiltonian. Hence h,(G) > 2. 
COROLLARY 6.2. If G is a connected graph with 6(G) = 3, and G contains 
a bridge incident with a vertex of degree three, then h,(G) = 3. 
ProoJ: The result follows immediately from Theorems 5 and 6. 
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We next determine the I-Hamiltonian index of graphs G with 6(G} > 3 
and Xl(G) = 2. 
THEOREM 7. If G is a graph with 6(G) > 3 andjy;(G) = 2, then h,(G) -= 2. 
Pro& Let G be a graph with 6(G) 2 3 and Xl(G) = 2. Then G contains 
no cnt vertex of degree three so that by Theorem 5, h,(G) ,< 2. 
Let cz and e2 be a pair of edges of G whose removal from G results in a 
disconnected graph. Since XI(G) = 2, the graph G - e, is connected and 
thus e2 is a bridge of G - e, . Moreover, since 6(G) 3 3, the graph 6: - @I 
has minimum degree at least two so that e2 is a ~o~ter~i~a~ bridge of G - e, . 
Therefore L(G - e,) contains a, cut vertex and so is not ~~~i~to~~~. This 
implies that L(G) is not f-Hamiltonian and hence &(G) 3 2. 
We conclude this section with a discussion of those graphs G satisfying 
3 < .X,(G) < 6(G). Clearly, if G is such a graph, the!? G contains no cnt 
vertex of degree three and so h,(G) < 2. Since every complete graph k& of 
er p > 4 is I-Hamiltonian, there exist graphs C with arbitrarily Barge 
edge connectivity for which h,(G) = 0. On the other hand, no complete 
bipartite graph $+z, n), where 3 < m < pz, is I-Hamiltonian. Therefore there 
exist graphs G with arbitrarily large edge connectivity for which I&(G) > @. 
However, it is easily veriKed that if 4; is the graph JY(FZ, x), where 3 < m < ~;i, 
then G contains a dominating circuit, as does G - e for each edge e of 6. 
Therefore h,(G) = 1. It is presently unknown whether there exists a graph 
with edge connectivity at least three for which the ~-~a~~l~on~a~ index 
is two. 
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